The Eddington-inspired-Born-Infeld (EiBI) gravity, which is formulated within the Palatini formalism, is characterized by its ability to cure the big bang singularity in the very beginning of the Universe. We further analyze the EiBI phantom model, and investigate the possible avoidance or alleviation of other dark energy related singularities. We find that except for the big rip singularity and little rip event, most of the cosmological singularities of interest can be partially alleviated in this model. Furthermore, we generalize the EiBI theory by adding a pure trace term to the determinant of the action. This amendment is the most general rank-two tensor composed of up to first order of the Riemann curvature. We find that this model allows the occurrence of primitive bounces and some smoother singularities than that of big bang. Most interestingly, for certain parameter space, the big bang singularity can be followed naturally by an inflationary stage in a radiation dominated universe.
Introduction
In 1934 Born and Infeld proposed a non-linear action for classical electrodynamics, which is characterized by its success in solving the divergence of the self-energy of point-like charges 1 . Since their proposal, modified theories of gravity with a BornInfeld-inspired action have received much attention (initiated in Ref. 2 ). These theories not only maintain the properties of general relativity (GR) for small curvatures, but provide various interesting deviations from GR at high curvature regimes. Some of these amendments are hoped to shed some light on smoothing the singularities in GR. For example, recently a theory dubbed Eddington-inspired-Born-Infeld theory (EiBI) 3 has been studied from both astrophysical and cosmological points of view. The EiBI theory is shown to be able to cure the big bang singularity for a radiation dominated universe. Therefore, in Refs. 4 and 5 we carry out a thorough analysis on the possible avoidance of other cosmological singularities such as big rip, sudden, big freeze, type IV singularities, and little rip event in the EiBI theory.
We find that though the big rip singularity and little rip can not be avoided, most of the cosmological singularities can be alleviated in the EiBI theory 5 . In Ref. 6 , we extend the EiBI theory by adding a trace term into the determinantal action. It corresponds to the most general action constructed from a rank two tensor that contains up to first order terms in curvature. This model can provide smooth bouncing solutions which were not allowed in the EiBI model for the same EiBI coupling. Most interestingly, for a radiation filled universe there are some regions of the parameter space that can naturally lead to a de Sitter inflationary stage without any exotic matter field.
The EiBI cosmology
We start reviewing the EiBI model whose action in terms of the metric g µν and the connection Γ α µν reads
The theory is formulated within the Palatini approach and the connection is assumed to be torsionless. a Within this setup, the connection Γ α µν and the metric g µν are treated as independent variables. The parameter κ is a constant with inverse dimensions to that of a cosmological constant (8πG = 1 and c = 1), λ is a dimensionless constant parametrizing the cosmological constant and S m (g, Ψ) stands for the matter Lagrangian in which matter is assumed to be coupled covariantly to the metric g only.
For a FLRW universe filled with a perfect fluid with energy density ρ and pressure p, the Friedmann equation reads
whereH ≡ √ κH, H is the Hubble parameter as defined from the physical metric, ρ = κρ,p = κp. For simplicity, we will also use a dimensionless cosmic time: t ≡ t/ √ κ where t corresponds to the cosmic time of the physical metric g µν . It can be easily verified that the big bang singularity can be avoided in this theory for a radiation dominated universe 3 . In general a universe filled with a perfect fluid with a constant and positive equation of state w bounces in the past for κ < 0 or has a loitering behavior in the infinite past for κ > 0 9 . Aside, the auxiliary metric q µν which is compatible with the connection is 3 :
where
From the auxiliary metric q µν we can define as well a rescaled dimensionless auxiliary Hubble parameterH q as follows
whereã ≡ √ V a and dt ≡ √ U dt. Then we havē
The EiBI phantom model
We then analyze the possible avoidance of phantom dark energy related singularities in the EiBI setup. These singularities are characterized by possible divergence of the Hubble parameter and its cosmic time derivatives at some finite cosmic time (See Ref. 5 and references therein). Note that we have two possible Hubble rate: H defined by g µν and H q defined by q µν . For the sake of completeness, we assume the Universe is filled with radiation, dark and baryonic matter, and dark energy:
Note that p de (ρ de ) means that the equation of state of dark energy is purely a function of the dark energy density.
To analyze the big rip singularities, we assume a phantom dark energy with constant equation state w < −1 to be the component of dark energy. For the big freeze, sudden, and type IV singularities, we regard the phantom Generalized Chaplygin Gas (pGCG) as the dark energy component in this model 10, 11 . Its equation of state takes the form:p
where α and A > 0 are two dimensionless constants. The energy density in terms of the scale factor for α > −1 is 10,11 :
where a min is the scale factor corresponding to the past singularity. A subscript 0 stands for quantities evaluated today. The phantom energy of this kind will drive past sudden or type IV singularities in GR 10,11 . On the other hand, if α < −1, the energy density of the pGCG, which drives a future big freeze singularity in GR, reads 10,11 :ρ
where B is a positive dimensionless constant. In each cases, we not only consider the asymptotic behaviors of the physical metric, but also consider the asymptotic behaviors of the auxiliary metric by analyzing the behaviors of H q and its derivatives with respect tot near the singular events. The results are summarized in Table. 1 5 . Table 1 . This table summarizes how the asymptotic behaviour of a universe near the singularities in GR is altered in the EiBI theory when the Universe is filled with matter, radiation as well as phantom energy. The row labelled by (1) corresponds to −1/3 < α < 0 or −1 < α < −2/3, and where α cannot be written as −1/(n + 2) or −n/(n + 1), with n being a natural number. If α = −1/(n + 2) (−1/3 ≤ α < 0 naturally) which is labelled by (2), there is no singularity while the Universe starts to expand from a finite size at a finite cosmic time. Note that it is possible for the Universe to start from a loitering phase of the physical metric instead of a past singularities, as long as the total pressure reaches the valuep = 1 at some particular scale factor a b such that a b > a min , and it corresponds to a past big bang singularity of the auxiliary metric.
Singularity in GR EiBI physical metric EiBI auxiliary metric
Big Rip Big Rip expanding de-Sitter past Sudden past Type IV (0 < α ≤ 2) contracting de-Sitter
future Type IV (α = −3) future Sudden (α < −3) past Type IV past Sudden (−2/3 < α < −1/3) past Type IV (−1 < α < 0)
(1)past Type IV (α = −n/(n + 1)) (2)finite past without singularity finite past without singularity past loitering effect (a b > a min ) Big Bang finite past without singularity finite past without singularity finite past without singularity (α = −n/(n + 1)) past loitering effect (a b > a min ) Big Bang (−1 < α < 0) Little Rip Little Rip expanding de-Sitter
Besides, we also use a cosmographic approach to constrain the parameters present in our model 5 . As a result, it turns out that the cosmographic analyses pick up the physical region preferring the occurrence of a type IV singularity in the finite past or the loitering effect in an infinite past. While it is necessary to impose more conditions to forecast the future doomsdays of the Universe in this model 5 .
Modified EiBI theory -A pure trace term
In Ref. 6 we add a pure trace term, which takes the form of g µν R, to the EiBI determinantal Lagrangian. The action becomes
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The dimensionless constants α and β should satisfy α + 4β = 1 to ensure the recovering of Einstein GR at the low curvature limit 6 . The field equations with respect to g µν and the connection are
respectively, where q µν ≡ g µν + καR µν (Γ) + κβg µν R and q µν is its inverse. Note that the covariant derivative ∇ ν is defined through the affine connection.
In Ref. 6 we consider a flat FLRW universe filled with radiation in this type of model. To analyze the behavior of the cosmological solutions, we rewrite the field equations in an algebraic form and express the energy density and Hubble rate using a single variable x. A parametrized Hubble function can be obtained 6 . The cosmological solutions in the presence of the trace term, i.e, β = 0, are summarized in Table. 2. We highlight the following interesting results concerning this model: 6 (i) Bouncing solutions which were not allowed in the EiBI model for the same EiBI coupling (κ > 0) (ii) A de Sitter inflationary stage after the big bang singularity when β 1 (iii) A quasi-sudden singularity where dH/dt becomes very large but finite at a finite cosmic time Table 2 . This table summarizes how the big bang singularity in GR is altered in the modified EiBI theory for a radiation dominated universe. If κ < 0, the big bang is substituted by a bounce except for the regions of the parameter space 0 < β ≤ 1/4 where the big bang is still present. If κ > 0, the big bang singularity can be altered by a loitering effect, a bounce, what we named a quasi-sudden singularity, or a big freeze singularity in the past. However, for 1/4 ≤ β < 1, the big bang singularity exists. Furthermore, the big bang singularity may be followed by a de Sitter inflationary stage for β 1.
κ > 0 κ < 0 β < 0 β = 0 past loitering effect bounce (EiBI theory) 0 < β < β⋆ bounce β = β⋆ past quasi-sudden singularity β⋆ < β < 1/4 past big freeze singularity big bang singularity β = 1/4 Palatini R 2 theory big bang singularity 1/4 < β < 1 β 1 big bang singularity+de Sitter bounce β ≥ 1 past loitering effect
Summary
We give a summarized analysis on the avoidance of dark energy related singularities in EiBI type of theories by investigating the asymptotic behaviors of the Hubble rate and its cosmic time derivatives defined by the physical metric g µν , which is coupled to matter, and by the auxiliary metric q µν compatible with the physical connection. For the physical metric g µν we find that though the big rip singularity and the little rip event driven by phantom dark energy are not cured in the EiBI theory, this theory to some extent smoothes the other phantom dark energy related singularities present in GR 5 . The behavior of the auxiliary metric q µν is even more regular (See Table. 1 for a summary). The fate of a bound structure near the singularities in the EiBI theory and some constraints on the model from a cosmographic approach are also analyzed in Ref. 5 .
Furthermore, a modification of the EiBI theory by adding a pure trace term into the determinantal Lagrangian and its cosmological solutions are investigated 6 . We assume a homogeneous and isotropic universe filled with radiation, and analyze the behaviors of the cosmological solutions using a parametric Friedmann equation. We summarize our results in Table. 2. The interesting cosmological solutions quoted in this theory are all stemmed from pure geometrical effects.
